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LETTER TO TIIE EDITOR 

Phonon emission anisotropy in a two-dimensional electron 
gas in crossed electric and magnetic fields 

Keith A Benedict 
Department of Physics, The University of Nottingham. Nottingham NG7 2RD, UK 

Received 29 April 1992 

Abstract Previous work on the angular distribution of phonons emitted by a healed fwo- 
dimensional electron gas is extended to include the effecls of an in-plane (Hall) electric 
field such as would be present in a device in which the heating is due to the passage of 
an electric current. The anisotropy is Seen to be such that there is an enhancement of 
the phonon emission in the direction of current Row. 

Much recent work (see Challis el al 1991) has been carried out using the bulk phonons 
in a semiconductor device to probe the properties of a twodimensional electron gas 
(ZDEG) formed at an inversion layer, heterojunction or quantum well within the device. 
One method has been to heat the ZDEG by passing a current through it: the electrons 
then lose heat to the lattice by emitting acoustic phonons which travel ballistically to 
the surface of the crystal; hence, by measuring the local temperature on the surface of 
the device, the distribution in reciprocal space of emitted phonons (modulo focussing 
effecb due to crystalline anisotropy) can be obtained (Kent ei a1 1990). The deviation 
of this from the isotropic distribution which would be produced by a simple black 
body contains information on the electronic structure of the 2DEG. A calculation by 
’lbombs el a! (1987) of the angular distribution of emitted phonons from a heated 
ZDEG in a strong perpendicular magnetic field has been extended (Benedict 1991) to 
include the effects of disorder. The purpose of this letter is to extend the former 
calculation to include the effects of the weak (Hall) electric field which gives rise to 
the heating current and to predict the form of the in-plane anisotropy due to the 
presence of the field. We review the basic ideas and notation used and describe the 
calculation of the angular distribution function for the case of an ideal ZDEG in a 
strong perpendicular magnetic field with a weak in-plane electric field and we then 
give a brief summary. 

The notation and method of calculating the angular distribution of emitted 
phonons follows that of Benedict (1991, hereafter referred to as I). The angular 
distribution function W,(O, 4) gives the rate of energy emitted as phonons of po- 
larization s (s = LA, T%,~*, TA*,,,) per unit time into a unit solid angle oriented in 
the direction specified by the polar angles 6’ and 4, the relevant polar axis being the 
normal to the ZDEG. In section 3 of I it was shown that this function could be written 
in the form 

(1) 
1 -  w,(e3$) = ~1 d Q  Q’ww,(Q)R,(Q,O)r(w,(Q),q) 

0 
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where A depends only on the properties of the lattice and r is a structure function 
for the ZDEG which can be written in the form 

w , q )  = Ci(aIe’p‘rIP)IZf(EY)(I - f(cp))&(c, - cp -h) (2 )  
n,B 

where a and p label the single-particle eigenstates of the ZDEG and f is the usual 
Fermi distribution. 

The Hamiltonian for a ZDEG in a strong perpendicular magnetic field with an 
in-plane electric field has the form 

N = ( 1 / 2 m ) ( p - e A ( r ) ) ’ -  e E . 7  (3) 

choosing the z axis to be in the direction of the electric field and the Landau gauge 
A = B ( 0 , z )  for the magnetic vector potential yields the well known simultaneous 
eigenstates of H and py 

(4) 
1 

( 2 , y l n , k )  = - e’”Yx,((z - z a ( k ) ) / L c )  dK 
with eigenvalues 

e,,,, = ( n  + l/2)hwc - v,hk -mu:/? = 6; - v,hk (5) 

and 12 = %m/L where 1, = is the cyclotron length, wc = eB/m is the 
cyclotron frequency, ud = E/B is the classical drift velocity for electrons in crossed 
electric and magnetic fields, L is the length of the system, xn is the nth-harmonic 
oscillator wavefunction and za( k )  = l t k  - vd/wc is the ‘guiding centre’ coordinate, 
restricted to lie in the rangc - L / 2  < zo < L / 2 .  Using these states in the above 
expressions gives the following form for the structure factor (henceforward magnetic 
units in which h = 1, = wc = 1 will be used): 

where Un,,, is the matrix element used in I and -y,(w) is given by 

(7) 

where A V  is the total voltage drop across the sample. 
The most important tcrm in the expression for the structure function, from the 

point of view of the in-plane anisotropy (i.e. 6 dependence) is the Dirac delta func- 
tion; the origin of this constraint can be understood by reference to figure 1 which 
shows the energy levels of the IDEG. The diagram shows a transition from an initial 
state X in a Landau level above the chemical potential to a final state W below the 
chemical potential resulting in the emission of a phonon (the edge states, which are 
localized to a region of size file of the sample boundaly where R is the Landau level 
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Figure 1. The energy level structure of an ideal 
zoed in a strong perpendicular magnetic field 
with an in-plane electric field; the horiwntal 
axis is the guiding centre coordinate zo, and 
the 'transition marked iiluslrates the origin of 
lhe constraint represenled by the delta function 
in ekpation (6). 

index, are neglected in this treatment). The distance X Y  is w = c,Q, the distance 
X Z  is 1 (= hw, in conventional units), the distance U'Y is q, = QsinOs in$  
and the slope of the dispersion curve is t a n a  = vd the drift velocity; hence, by 
elementary trigonometry, vdQ sin O sin 4 = 1 - a&. 

Substituting this form of r (as well as the form of A appropriate for the defor- 
mation potential interaction and assuming a perfectly two-dimensional electron gas) 
into the expression for the angular distribution function gives 

WAO. 4)  - Qn,,doq 4)5un,m(Q2,s  sin2 ~P)y, ,~c,Q, , , )  (8) 
nLlm 

Flgurt 2. A polar plot of QT(0, ~ ) e - Q : ~ i n ' e ~ 2  against lor valua of 0 = 
O , n / 5 , 2 ~ / 5 ;  as the eccentricity of the curve and the distance of its cenlroid fmm 
the origin increase with increasing 8, the value of v d j c g  = 0.25 was used. 



L374 Letter 10 the Editor 

where 

From this it is clear that for weak electric fields the relevant small parameter con- 
trolling the in-plane anisotropy is the ratio of the drift velocity ud to the speed of 
sound cs. In order to illuminate this, the critical electric field at which ud = c for a 
silicon 11001 ZDEG in a field of 5 T for the LA mode is roughly 4.5 x 104 v m-1. The 
dominant 4 dependence is then of the form W ( 4 )  - Q;Ye-~:Sinau/Z where v is 
an m-dependent power (v  = 7 for the most important case m = 1). This is shown 
on a polar plot in figure 2 for a range of values of B. 

From the calculation described above it can be seen that the in-plane anisotropy 
caused by the electric field is such that the phonon emission is enhanced in the 
direction of current flow, i.e. in the negative y direction and reduced in the opposite 
direction. The polar plot of figure 2 is approximately an ellipse with eccentricity 
vud/ca, so the degree of anisotropy is directly related to the strength of the electric 
field. It is hoped that, given the detailed knowledge that now exists about the phonon 
focussing effect, the anisotropy could be experimentally measured in silicon devices 
using the imaging techniques described in Kent et U/. 

I am most grateful to Dr G A 'bombs for suggesting this problem. This work was 
supported by the SERC 
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